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This paper proposes a formulation for magnetomotive force (MMF) employing the magnetic currents. Our formulation introduces the
classical MMF into the modern magnetic field computation. The rotation of electric field represents the external magnetic field due to
impressed voltage. We demonstrate a magnetic field computation of toroidal inductors by finite elements. Comparison with the computed
result using the Biot-Savart law verifies our formulation. It is also verified by the experiments on the air- and magnet-core inductors.
Index Terms—Linearized Chua-type magnetization model, magnetic currents, magnetic field computation, magnetomotive force.
I. INTRODUCTION
THE CONCEPT of magnetomotive force (MMF) has beenwidely used to analyze the magnetic devices by means of
the classical magnetic circuits [1]–[3]. It is obvious that modern
computational methodologies are required to treat complicated
structures for up-to-date devices. However, it has been difficult
to introduce MMF into the integral and partial differential equa-
tions in the magnetic field computation [4]. The study behind
this background is motivated to introduce MMF into the modern
magnetic field computation. Thereby, we propose a formulation
employing magnetic currents [5].
Our formulation for magnetic field computation is that the
equivalent magnetic field source is derived in terms of the electric
polarization, namely, magnetic currents [5]–[7]. In this case, it
enables us voltage source computation. Stokes’s theorem shows
that the magnetic current is closely related with MMF. Therefore,
it is possible to convert an electric current into a magnetic current
as an equivalent magnetic field source in the orthogonaldirection.
To demonstrate the validity of our formulation, the present
paper computes the magnetic fields of toroidal inductors by
means of finite elements taking unbounded effects [8], [9] and
magnetic hysteresis [10], [11] into account. An analytical ap-
proach by Biot–Savart law and the experiments for an air-core
inductor verify our formulation in terms of field distribution.
Furthermore, the measured hysteretic loop of magnetic-core
inductor is well reproduced by computation employing a lin-
earized Chua-type magnetization model.
II. REPRESENTATION OF MMF BY MAGNETIC CURRENTS
A. Magnetic Currents
We consider the equivalent representation of MMF as the or-
thogonal component of the exciting current as shown in Fig. 1.
Namely, the rotation of electric field (V/m) is introduced as
or
(1)
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Fig. 1. Relation between the magnetomotive force and magnetic currents.
where C/m , F/m , C/m , and V/m respec-
tively denote the electric flux density, permittivity in vacuum,
polarization, and magnetic current density given by
(2)
Apply the surface integral to (1), then the line integral along with
the winding coil path can be derived from Stokes’s theorem
(3)
(4)
Since the first term on the right-hand side of (4) has the di-
mension of voltage, then the magnetic current density cor-
responds to voltage per unit area caused by magnetic charge
moving. Thus, times conductivity (S/m) of the coil ma-
terial is equivalent to MMF generating in volume surrounded
by the exciting coils.
B. Continuity
In order to derive governing equations based on partial dif-
ferential equations, we have to review the nature of magnetic
currents. Maxwell equations concerning electric fields can be
expressed as
in static field (5)
in quasi-static dynamic field (6)
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Fig. 2. Magnetic currents for the field of one turn coil.
where (T) denotes the magnetic flux density. The divergences
of both sides of (5) and (6) mathematically reduce to zero. In
case of (6), the following condition should be satisfied:
(7)
Since is defined by the rotation of polarization , then the
divergence of is identical to zero [4]
(8)
Thus, the continuity of magnetic flux, expressed in (9), is inde-
pendently satisfied
(9)
Because of (9), most of the magnetic field computation method-
ologies have been employing the magnetic vector potential
(Wb/m).
C. Governing Equations for Magnetic Fields
Let us consider the magnetic field of one turn coil shown in
Fig. 2. Impose (9), then the governing equations in terms of the
magnetic field (A/m) result in
in static field (10)
in quasi-static field (11)
where (H/m) is the permeability. Since gives voltage per
unit area, then in the right sides of (10) and (11) is related
with the exciting electric current (A). Moreover, is orthog-
onally directed to the exciting electric current, suggesting MMF.
In each of the components of magnetic field , (10) and (11)
are respectively rewritten by (12) and (13)
in static field (12)
in quasi-static field (13)
where and m denote the number of coil turns and volume
concerned with MMF , respectively. As in Fig. 2, the line
electric current is equivalently represented by the positive and
negative magnetic currents in the two-dimensional model. In
the classical magnetic circuit theory, i.e., a lumped parameter
representation, MMF is treated as a concentrated magnetic field
source. Our formulation makes it possible to introduce the idea
of MMF into distribution parameter system.
Fig. 3. Analysis models. (a) Definition of the problems. (b) Model A:
Air-core coil (500 turns). (c) Model B: Magnetic-core (H5A ferrite core, TDK).
Specification in each of models is listed in Table I.
III. FINITE-ELEMENT ANALYSES
A. Models
To verify our formulation, we deal with axisymmetrical
problems of the magnetic fields as illustrated in Fig. 3(a).
Furthermore, we prepare the toroidal inductors of air-core
[Model A: Fig. 3(b)] and magnetic-core [Model B: Fig. 3(c)]
for experimental verification. Consider the magnetic currents as
MMF, then these problems are reduced into the axisymmetrical
models, even though the exciting electrical current has and
components.
B. Unbounded Effects and Strategic Dual Image Method
These models are essentially accompanied with unbounded
effects due to the exciting coils. In other words, the magnetic
field continues being distributed infinitely far from the source
points. Applying the strategic dual image (SDI) method to the
hypothetical boundary solves the unbounded effects [8].
The principal idea of SDI is an image method in the analyt-
ical electromagnetic field calculation. Consider the image field
sources outside of the hypothetical boundary in order to cancel
the actual field sources inside of the hypothetical boundary.
Then the boundary condition can be derived from the same
nature as the image method [9]. The total of magnetic currents
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TABLE I
SPECIFICATION OF ANALYZED MODELS
Fig. 4. Finite-element mesh system having elliptic shape for SDI method. The
ratio of the major to minor axes is 1.815 : 1. The numbers of triangle elements
and nodal points are 3626 and 1838, respectively. Left: entire mesh system.
Right: Magnified elements in the vicinity of magnetic coil.
is zero as expressed in (8), so that the image magnetic currents
must be zero as well. The condition satisfies this constraint is
represented by
(14)
where and refer to the source point and total number of the
source points, respectively. This means that the total of field
sources becomes zero at the origin both and in
the cylindrical coordinate system.
The finite-element subdivision used in the analysis of
Model A is illustrated in Fig. 4. In case of the axisymmetrical
problems, the hypothetical boundary forms an elliptic shape
whose axial ratio is 1.815. For further details, see [8] and [9].
C. Governing Equation
Since the magnetic current is the cause of magnetic field, then
(10) is essentially reduced into
(15)
where the subscript refers to component. As described in
Section II-C, the term in (15) corresponds to MMF per
volume. The volume is associated with magnetic coil volume
having the area of and the length as the flux path of where
is a distance from axis, representing the pitch of coil winding
(16)
The finite-element discretization of (16) yields the system of
equations with the manner of Fig. 2, It should be noted that
the zero Dirichlet type boundary condition is obtained between
and in Fig. 4.
Fig. 5. Computed two-dimensional magnetic field distribution in the
cross-sectional area of toroidal coil. The values on contours are in A/m.
Comparison with computation based on Biot–Savart law is shown.
Fig. 6. Cross-sectional view along with z = 0 line in Fig. 5.
D. Model A
Fig. 5 shows the contour lines representation of computed
magnetic field distribution for Model A. In Fig. 5, the solid and
dotted contours show the analytical solution with Biot–Savart
law and finite-element solution, respectively. Fig. 6 shows the
cross-sectional view along with line in Fig. 5. Both re-
sults well correspond each other. Fig. 7 shows an experimental
result of magnetic field distribution of line which is cor-
responding to those of Fig. 6. The experiment with the toroidal
air-coil shown in Fig. 3(b) is carried out at an exciting frequency
of 400 kHz. A pancake-type pickup coil sensor of 20 turns is
used to measure the magnetic field as its induced voltages. Due
to the large cross-sectional area m of the sensor,
the experimental result shown in Fig. 7 is normalized by the
value at m . On the other hand, the measured induc-
tance in Fig. 8 supports the finite-element solution whose induc-
tance is 0.91 mH. Therefore, it suggests that the experimental
result of Fig. 7 traces the computed result with good accuracy.
Model A reveals that our formulation is capable of calculating
magnetic field intensity accurately.
E. Model B
Model B in Fig. 3(c) demonstrates calculating hysteresis
loops at 10 kHz. A Chua-type magnetization model is em-
ployed to represent relation between magnetic field and flux
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Fig. 7. Experimented magnetic field distribution on z = 0 line. Normalized
by the value at r = 0:045 (m).
Fig. 8. Frequency characteristics of inductance for the tested toroidal air-core
coil. Measurement device is HP4294A gain-phase impedance analyzer.
density [10]–[12]. According to this magnetization model, a
complex permeability (H/m) in (17) can be applied under
the high frequencies that both and are sinusoidal functions
(17)
where , , and denote permeability (H/m), reversible per-
meability (H/m), and hysteresis parameter m , respectively;
and are complex number unit and angular frequency
(rad/s), respectively. Table II lists the measured linearized pa-
rameters used in this calculation.
Fig. 9 shows computed and measured hysteresis loops of H5A
ferrite core inductor shown in Fig. 3(c). The computed result
is obtained by averaging flux densities at the nodes on the core
part, accurately reproducing the measured one. It is obvious that
our formulation represents MMF in the modern computational
methodologies in a quite efficient manner.
IV. CONCLUSION
We have succeeded in introducing the magnetic currents into
magnetic field computation in terms of MMF. The magnetic
currents have the orthogonal direction to the exciting electric
current, so it takes MMF to the magnetic field computation
methodologies. Since the relationship between MMF in the
classical magnetic circuit theory and modern magnetic field
computation methodologies has been clarified, then electrical
circuit coupled problems can be efficiently addressed by our
formulation.
TABLE II
MEASURED PARAMETERS OF COMPLEX PERMEABILITY
Fig. 9. Computed and measured hysteresis loops of H5A ferrite core inductor.
Sinusoidal exciting voltage at a frequency of 10 kHz is applied.
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